

















$\mathbb{Q}$ $B$ $S$ $S$
smooth $f:Carrow S$
$1arrow\pi_{1}$ (Cae, $\overline{y}$) $arrow\pi_{1}(C,\overline{y})arrow\pi_{1}(S,\overline{x})arrow 1$
$\overline{x}$ $S$ geometric point, $C_{X}$ $C$ $\overline{x}$ geometric fiber
, $\overline{y}$ $ac_{e}$ $\overline{x}$





$S$ $k$ $\pi_{1}(S)=\mathrm{G}\mathrm{a}1(k/k)$ $\varphi C/k$
$C/k=\mathrm{P}^{1}-\{0,1, \infty\}/\mathbb{Q}$



















$E-\{O\}/S$ $\mathrm{Y}^{2}=4X^{3}-g_{2}X-g_{3}(g_{2},g_{3}\in B, \Delta:=g_{2}^{3}-27g_{3}^{2}\in B^{\mathrm{x}})$
$=\pi_{1}(E_{\overline{x}}\backslash O)$





$\mathrm{O}$-section $t=-2x/y$ section $\pi_{1}(S)arrow\pi_{1}(E\backslash O)$
,
$\tilde{\varphi}$ : $\pi_{1}(S)arrow \mathrm{A}\mathrm{u}\mathrm{t}(\Pi)$
(z)
’, ”
ab $:= \prod/\prod’$ $x_{1},$ $x_{2}$ $\overline{x}_{1},\overline{x}_{2}$ free
$\hat{\mathbb{Z}}$ , $\varphi$
$\varphi^{ab}$ : $\pi_{1}(S)arrow \mathrm{G}\mathrm{L}(\Pi^{ab})=\mathrm{G}\mathrm{L}_{2}(\hat{\mathbb{Z}})$







1. $\Pi=\langle x_{1}, x_{2}, z|[x_{1}, x_{2}]z=1\rangle$ $\alpha\in \mathrm{A}\mathrm{u}\mathrm{t}(\Pi)$ (1)
$\alpha(\langle z\rangle)=\langle z\rangle,$ (2) $\Pi/\Pi’$ , 2 ,
$\mathrm{E}_{\alpha}\in\hat{\mathbb{Z}}[[\Pi^{ab}]]$ , $x\in\Pi$ $\alpha$ up to $\Pi’’$
:
$\alpha(x)x^{-1}\equiv((\overline{x}-1)\mathrm{E}_{\alpha})\cdot\overline{z}$ mod $\Pi’’$ .
$\overline{x}$ $x$ ab
\mbox{\boldmath $\alpha$}\mapsto E (i.e.,E\mbox{\boldmath $\alpha$}\beta =E $+\mathrm{E}\beta$ )
$\mathrm{E}$ prO-l S.Bloch (cf. [T])
\S 2. $\mathrm{E}$ .
$E-\{O\}/S$ $\pi_{1}(S_{\infty})$ $\sigma$ ,
$\tilde{\varphi}(\sigma)\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{I}\mathrm{I})$ 1 $\alpha$ ,
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$\mathrm{E}_{\sigma}\in\ovalbox{\tt\small REJECT}[[\mathrm{n}^{\ovalbox{\tt\small REJECT}}\mathrm{n}$





$\pi_{1}(S)arrow \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/N\mathrm{Z})$ $S_{N}$ Tate ‘ 5
$\overline{x}_{1},\overline{x}_{2}$ $N$ $S_{N}arrow X(N)$
$X(N^{2})$ $\mathrm{x}=(_{NN}^{\lrcorner}r,rp)$ $\in(\frac{\mathrm{z}}{N})^{2}$
$\theta_{\mathrm{x}}(\tau)=q_{\tau}^{6B_{2}}$ (%)e12’: ( $\mathfrak{y}$ $[(1-q_{z}) \prod_{\mathrm{n}\geq 1}(1-q_{\tau}^{n}q_{z})(1-q_{\tau}^{n}q_{z}^{-1})]12$ ,
$\tau\in \mathfrak{H}$
( Siegel 12 $z=(r_{1}\tau+r_{2})/N$ , B2(T)=T2-T+-61)





1 $\pi_{1}(S_{\infty})$ $\rho_{\mathrm{x}}$ $\mathrm{x}\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}^{2}$












\S 3. $\mathrm{C}\mathrm{S}\mathrm{L}_{2}$ E.
\S 1 moduli stack $M_{1,1}/\mathbb{Q}$ universal effiptic curve
$Earrow M_{1,1}$ $S=M_{1,1}\otimes\overline{\mathbb{Q}}$
$\pi_{1}(S)$ $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$ $\pi_{1}(S_{\infty})$
$\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})^{\wedge}arrow \mathrm{S}\mathrm{L}_{2}(\hat{\mathbb{Z}})$ $\mathrm{C}\mathrm{S}\mathrm{L}_{2}$ $\mathrm{C}\mathrm{S}\mathrm{L}_{2}$ Melnikov
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$\Gamma(N)\subset \mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$ $P(N)\subset\Gamma(N)$ $X(N)$
$\{\Gamma(N)/P(N)\}_{N}$
$N$ $\mathrm{C}\mathrm{S}\mathrm{L}_{2}=.\mathrm{k}\mathrm{m}_{N}(\Gamma(N)/P(N))^{\wedge}$
$\mathrm{C}\mathrm{S}\mathrm{L}_{2}$ $2\cross 2$ sequence
\S 1 $\mathrm{E}$ : $\mathrm{C}\mathrm{S}\mathrm{L}_{2}arrow\hat{\mathbb{Z}}[[\hat{\mathbb{Z}}^{2}]]$
$S_{\infty}$ $\overline{\mathbb{Q}}$
1 $e_{\sigma,N}(0)=0$
$\mathrm{r}\neq 0$ $e_{\sigma,N}(\mathrm{r})$ $\theta_{\mathrm{r}/N}$ ( $\sigma$ )
$A\in\Gamma(N^{2})$ Kubert-Lang
Siegel units $\mathrm{E}$ $\hat{\mathbb{Z}}[[\hat{\mathbb{Z}}^{2}]]$ even ( $‘ \mathrm{x}rightarrow-\mathrm{x}’$
) augmentation$=0$
$\theta_{\mathrm{x}}(\tau)$ $N$ , weight
2 Eisenstein $\tau_{0}$ $A\tau_{0}$
Eisenstein














$e_{ij}^{(l)}$ : $\mathrm{C}\mathrm{S}\mathrm{L}_{2}arrow \mathbb{Z}_{l}$ ? E
$e_{00}^{(l)}=0,$ $i+j=odd$ $e_{ij}^{(l)}$ $=0$ .
[ Eisenstein cocycle I $k\geq 4$ [ weight $k$
Eisenstien
$E_{k}( \tau):=\frac{(k-1)!}{(2\pi i)^{k}}\sum_{(m_{1},m_{2})}’(m_{1}\tau+m_{2})^{k}1$
$(\tau\in\ovalbox{\tt\small REJECT})_{0}$ $(m_{1}, m_{2})\in \mathbb{Z}^{2}\backslash \{(0,0)\}$
$E_{k}$ $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$ weight $k$









$(k-2)$ $\mathrm{S}\mathrm{L}_{2}(\mathrm{Z})$ $f(\tau)arrow f(A\tau)(c\tau+d)^{k-2}$
Eisenstein $E_{k}$ Eichler-Shimura . $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$ l-cocycle
$Re\phi_{k}$ : $\mathrm{S}\mathrm{L}_{2}(\mathrm{Z})arrow Sym^{k-2}(\mathbb{Q}^{2})$
$Re \phi_{k}(A)=\sum_{:+j=k-2}p_{j}.\cdot(A)\tau^{:}$
$j$ : $\mathrm{S}\mathrm{L}_{2}(\mathrm{Z})arrow \mathbb{Q}$ $l$ $p_{j}^{(l)}.\cdot$ : $\mathrm{C}\mathrm{S}\mathrm{L}_{2}^{(l)}arrow \mathbb{Q}\iota$
$k(=i+j),$ $l$ $A,$ $B$
(1) $\sigma\in \mathrm{S}\mathrm{L}_{2}(\mathrm{Z})\Rightarrow A\cdot p_{j}.\cdot(\sigma)\in \mathrm{Z}_{l}$
(2) $\sigma\in P(l^{n+B})\Rightarrow A\cdot p_{j}.\cdot(\sigma)\in l^{n}\mathrm{Z}_{l}$
$\Gamma(l^{n+B})/P(l^{n+B})$ $(\mathrm{Z}_{l}/l^{\mathrm{n}}\mathrm{Z}_{l})$ $‘ A\cdot p_{1j}$.mod
$l^{n}$ ’ $n$ , $A$ $p_{\dot{l}j}^{(l)}$
$A,$ $B$
2. $\sigma\in \mathrm{C}\mathrm{S}\mathrm{L}_{2}^{(l)}$ $\mathrm{E}_{\sigma}^{(l)}=\sum_{:,j}e_{1j}^{(l)}.(\sigma)U_{1}U_{2}/i!j!$
$. \frac{e!_{j}^{l)}(\sigma)}{i!j!}=\{$
$p_{j}^{(l)}.\cdot(\sigma)$ ($i+j\geq 2$ , even),
0(otherwise).
\S 5. 1\Rightarrow 2 .
2 weight $k\geq 4$ $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$ Eisenstein Eichler-Shimura
cocycle 1 $\Gamma(N)$
weight 2 Eisenstein
$k\geq 2$ $\mathrm{x}=(r_{1}/N, r_{2}/N)\in(\frac{\mathrm{z}}{N})^{2}$ ( $k=2$
$\mathrm{x}\neq 0$ ) Eisenstien
$E_{k}^{(\mathrm{x})}( \tau):=\frac{(k-1)!}{(2\pi i)^{k}}\sum_{\mathrm{a}\in(\mathrm{Z}/N\mathrm{Z})^{2}}e^{2:(r_{1}a_{2}-r_{2}a_{1})/N}\sum_{\mathrm{m}\equiv \mathrm{a}(N)}\pi\frac{1}{(m_{1}\tau+m_{2})^{k}}$
’
(\mbox{\boldmath $\tau$}\in H) $\sum’$ $m_{1}\equiv a_{1},$ $m_{2}\equiv a_{2}$ (mod $N$) $\mathrm{m}=$
$(m_{1}, m_{2})\in \mathbb{Z}^{2}\backslash \{(0,0)\}$ $Sym^{k-2}(\mathbb{Q}^{2})$
cocycle Eichler-Shimura $\Gamma(N)$ $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})$




$\Phi_{\mathrm{x}}^{(k)}$ : $\mathrm{P}\mathrm{S}\mathrm{L}_{2}(\mathbb{Z})arrow \mathrm{S}\mathrm{y}\mathrm{m}^{k-2}(\mathbb{Q}^{2})=\mathbb{Q}[X, \mathrm{Y}]_{\deg=k-2}$
$A= (\begin{array}{l}abdc\end{array})\mapsto\sum_{r=0}^{k-2}\Phi_{\mathrm{x}}^{(r+1,k-1-r)}(A)X^{r}\mathrm{Y}^{k-2-r}$





( $P_{k}(T)$ ) 1 2
. $N,$ $r,$ $k$ $N\geq 1,$ $k\geq 2,0\leq r\leq k-2$ $\mathbb{Z}_{N}’\subset \mathbb{Q}$
$N$ $k,$ $r$ $D_{k,r}$
$A\in\Gamma(N)$
$\sum_{x=0}^{N-1}\sum_{y=0}^{N-1}(k -2r)x^{k-2-r}(-y)^{r} \Phi_{(\pi’\#)}^{(1,1)}t(A)$ $\equiv\Phi_{0}^{(r+1,k-1-r)}(A)$





2 $\mathrm{C}^{k}\ovalbox{\tt\small REJECT}^{2}$ ) [M] $k$
$r$





$A$ $A=(\begin{array}{ll}122 -4961363 -14761\end{array})\in\Gamma(11^{2})$















$\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} 11\mathbb{Z}_{11}’$ .
182
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